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We will classify, up to linear representations, all geometries fully embedded in an affine
spacewith the property that for every antiflag {p, L} of the geometry there are either 0,α, or
q lines through p intersecting L. An example of such a geometry with α = 2 is the following
well known geometry HTn. Let Qn+1 be a nonsingular quadric in a finite projective space
PG(n+1, q), n ≥ 3, q even.WeprojectQn+1 fromapoint r 6∈ Qn+1, distinct from its nucleus
if n + 1 is even, on a hyperplane PG(n, q) not through r . This yields a partial linear space
HTn whose points are the points p of PG(n, q), such that the line 〈p, r〉 is a secant to Qn+1,
andwhose lines are the lines of PG(n, q)which contain q such points. This geometry is fully
embedded in an affine subspace of PG(n, q) and satisfies the antiflag property mentioned.
As a result of our classification theoremwewill give a new characterization theorem of this
geometry.

© 2010 Published by Elsevier B.V.

1. Introduction

A point setK in a point-line geometry is said to be a set of class [m1, . . . ,mk], 0 ≤ m1 < · · · < mk ≤ q+ 1, with respect
to a set L of lines if for every line L of L, |L ∩K| = mi for some 1 ≤ i ≤ k. It is said to be a set of type (m1, . . . ,mk) with
respect to the set L of lines if every mi actually occurs for some line L of L. In this paper the setK will be a subset of the
point set of a projective or affine space, while the setLwill be a subset of lines of that projective or affine space.
A point p of a set S of points of PG(n, q) or AG(n, q) is a singular point of S if every line through p is either contained in S

or intersects S in the point p only.
A point-line geometry S = (P ,L, I) is called a partial linear space if every two points are incident with at most one line.

It is said to be of order (s, t), if every line is incident with s+1 points, while every point is on t+1 lines. A partial linear space
S = (P ,L, I) is said to be of antiflag class [α1, . . . , αm] if for every antiflag {p, L}, i.e. for every point p ∈ P and every line
L ∈ L, not through p, the so-called incidence number α(p, L) of lines of L through p which intersect L is one of α1, . . . , αm.
We do not require that every incidence number actually occurs. If they do all occur thenwe say that the partial linear space is
of antiflag type (α1, . . . , αm). A partial linear space S = (P ,L, I) is said to be fully embedded in an affine space AG(n, q), ifL
is a set of lines of AG(n, q),P is the set of all affine points on the lines of S and I is the incidence of AG(n, q). We also require
that P spans AG(n, q). As the embedding is defined by the set of linesL, we will denote the geometry mostly as S(L) and
call it an affine partial linear space. We will call L or S(L) singular (respectively non-singular) if P contains (respectively
does not contain) a singular point.
We say thatL is a connected line set if S(L) is connected. IfL is not connected, thenwe call the line sets of the connected

components of S(L) the connected components ofL. If S(L) is an affine partial linear space, then for every affine subspace
U , let LU be the set of lines of L in U , and let S(L)U be the partial linear space (PU ,LU , IU), where PU = P ∩ U and IU is
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the incidence I restricted to PU and LU . Note that S(L)U is not the same as S(LU), as S(L)U may contain isolated points,
that is, points that are on no line, which is not the case for S(LU).
Let Qn+1 be a nonsingular quadric in a finite projective space PG(n + 1, q), n ≥ 1. Consider a point r 6∈ Qn+1, distinct

from its nucleus if n + 1 and q are even, and a hyperplane PG(n, q) not through r . Let Rn be the projection of the quadric
Qn+1 from the point r on the hyperplane PG(n, q).
If q is odd,Rn is a point set of class

[
1, 12 (q+ 1),

1
2 (q+ 3), q+ 1

]
in PG(n, q). These sets have been classified for q > 3

in the case of PG(2, q), q odd [3] and for q > 7 in the case of PG(n, q), n > 2 and q odd [4].
If q is even thenRn is a point set of class

[
1, 12q+ 1, q+ 1

]
in PG(n, q). Point sets of class [1,m, q+1] in PG(n, q), q > 4,

have been classified. See [15,13,12,9] for more details. The case q = 4 is special, see also [10,11]. Ifm = q
2 + 1, q > 4, then

a set of type (1,m, q+ 1) is indeed the projection of a quadric, see Theorem 5.1 further on.
Let n ≥ 3 and let Tn ⊆ Rn be the set of points p of PG(n, q) such that the line 〈p, r〉 is a tangent to Qn+1 and let

Pn = Rn \ Tn. Let HTn be the partial linear space whose points are the elements of Pn and whose lines are the lines of
PG(n, q) which contain q points of Pn. The geometry HTn is a partial linear space of antiflag type (0, 2, q). Moreover, if q is
even, Tn is the set of points of a hyperplaneΠ∞ of PG(n, q), hence the geometry HTn is an affine partial linear space. If n is
even, we write HT+n ifQq+1 is a nonsingular hyperbolic quadric, and HT

−

n ifQn+1 is a nonsingular elliptic quadric.
The purpose of this paper is to characterize for q even the geometry HTn as an affine partial linear space of antiflag type

(0, 2, q). The proof is based on earlier investigations of such geometries; we will summarize them in the next section.

2. Known results

In [5] we started the investigation of the affine partial linear spaces of antiflag class [0, α, q]. We have given in that paper
more or less a complete classification of the partial linear spaces of antiflag class [0, α, q] in AG(2, q) and AG(3, q). Actually,
as one might easily construct affine geometries of antiflag type (0, 1, q) as well as ones of antiflag type (0, q − 1, q), we
restrict ourselves from now on to the case 1 < α < q− 1. In that paper we also explained that if the partial linear space is
not the linear presentation of a set K of class [0, 1, α + 1, q+ 1] in the hyperplaneΠ∞ of the affine space AG(n, q), n ≥ 4,
then α = 2 and q is even. For the definition of a linear representation and for more details we refer to [5]. Finally from the
results of that paper, it follows that wemay assume in this paper that the partial linear space is non-singular and connected.
Hence, from now on we can restrict ourselves to the embedding of non-singular connected partial linear spaces of antiflag
class [0, 2, q], in AG(n, q), n > 3 and q even. We will need the following classification in the planar case.

Theorem 2.1 ([5]). Let L be a set of lines of an affine plane π , which is of antiflag class [0, 2, q], q = 2h, h > 1. Then one of the
following cases occurs.
Type I. L is the empty set.
Type II. L consists of a number of parallel lines.
Type III. L is the set of lines of a (Bruck) net of order q and degree 3.
Type IV. L is a dual oval.
Type V. L consists of all lines of π .

Line sets of AG(n, q) of antiflag type (0, α) are completely classified, see [6] for an overview. The most difficult part of
the classification is the case α = 2, see [8], in which case q = 2h, h > 1 and the geometry S(L) is called an affine (0, 2)-
geometry. Assuming the affine (0, 2)-geometry is not a linear representation then the following cases can occur (because of
Theorem 2.1, we may assume n > 2).
1. The geometry HT3 which is fully embedded in AG(3, q) and the geometry HT−4 which is fully embedded in AG(4, q). In
both cases, every affine plane is of Type I, II or IV. So there are no planes of Type III.

2. A (0, 2)-geometry A(O∞) fully embedded in AG(3, q), which is constructed as follows. Let O∞ be an oval of Π∞ with
nucleus n∞. Choose a basis such thatΠ∞ : X3 = 0, n∞(1, 0, 0, 0) and (0, 1, 0, 0), (0, 0, 1, 0), (1, 1, 1, 0) ∈ O∞. Let f be
the o-polynomial such that

O∞ = {(ρ, f (ρ), 1, 0) | ρ ∈ GF(q)} ∪ {(0, 1, 0, 0)},

and for every affine point p(x, y, z, 1) let

Op
∞
= {(y+ zf (ρ)+ ρ, f (ρ), 1, 0) | ρ ∈ GF(q)} ∪ {(z, 1, 0, 0)}.

Let Sp be the set of lines through p and a point of O
p
∞. Let L be the union of the sets Sp, for all affine points p. If O∞ is

not a conic then S(L) is connected [7] and we putA(O∞) = S(L). If O∞ is a conic then S(L) consists of two connected
components, both of which are projectively equivalent with the geometry HT3 [7]. Therefore we put A(O∞) = HT3 if
O∞ is a conic. In either caseA(O∞) is a (0, 2)-geometry with s = q− 1, t = q, fully embedded in AG(3, q). Every affine
plane is a plane of Type I, II or IV. So there are no planes of Type III.

3. A (0, 2)-geometry I(n, q, e) fully embedded in AG(n, q), n ≥ 3, which is constructed as follows. Let U be a hyperplane
of AG(n, q). Choose a basis such thatΠ∞ : Xn = 0 and U : Xn−1 = 0. Let e ∈ {1, 2, . . . , h−1} be such that gcd(e, h) = 1,
and let ϕ be the collineation of PG(n, q) such that

ϕ : p(x0, x1, . . . , xn−1, xn) 7→ pϕ(x2
e

0 , x
2e
1 , . . . , x

2e
n , x

2e
n−1).
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Put U∞ = U ∩Π∞ and letK∞ be the set of points of U∞ fixed by ϕ. ThenK∞ is the point set of a projective geometry
PG(n−2, 2) ⊆ U∞. LetL be the set of affine lines L such that either L ⊆ U and L∩Π∞ ∈ K∞, or L intersectsU in an affine
point p and L intersectsΠ∞ in the point pϕ . Then I(n, q, e) = S(L) is a (0, 2)-geometry with s = q − 1, t = 2n−1 − 1,
fully embedded in AG(n, q).
The hyperplane U has the property that, for every affine plane π containing two intersecting lines of I(n, q, e), π is of
Type III if π ⊆ U and π is of Type IV if π 6⊆ U . In particular, if n = 3, then U is the only plane of Type III.

In [5] the following results have been proved.

Theorem 2.2 ([5]). Let L be a connected line set of AG(n, q) of antiflag class [0, α, q], with 1 < α < q− 1, such that there are
no planes of Type IV, and such that the lines of L span AG(n, q). Then L is the line set of a linear representation T ∗n−1(K∞) of a
point set K∞ of class [0, 1, α + 1, q+ 1].

Theorem 2.3 ([5]). Let L be a non-singular connected line set of AG(3, q) of antiflag class [0, 2, q], q = 2h, h > 1. If L is not
the set of all lines of AG(3, q), and if S(L) is not a linear representation then either S(L) is the geometryA(O∞) or the geometry
I(3, q, e).

In the rest of this paper we will treat the case n > 3. IfLU is connected and is the line set of a linear representation then,
following the notation of [8], we say that the subspace U is of type C, and we let P∞(U) denote the set of points at infinity
of the lines of LU . Notice that since LU is connected, P∞(U) spans U ∩Π∞. If LU is the set of all affine lines of U , then we
say that U is of type E. Notice that, by definition, a subspace of type E is also a subspace of type C.
We say that U is of type C∗ if U is of type C and P∞(U) contains a point p∞ and a line L∞ not through p∞, such that the

number of lines through p∞ which are contained in P∞(U) and intersect L∞, is not equal to 1 or q+ 1.
If π is a plane of Type III or V, then analogously P∞(π) denotes the set of points at infinity of the lines ofLπ .

3. On the non-existence of a special class of affine connected line sets

Lemma 3.1. Let L be a connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that there is a
hyperplane U of type C and a plane π of Type III which intersects U in a line L ∈ L, such that the point p∞ = L ∩ Π∞ is not a
singular point of P∞(U). Then there is no plane of Type IV.
Proof. Note that by Theorem 2.3, the theorem holds in the case n = 3. We will prove the theorem by using induction and
hence we assume that the theorem holds for allm < n, n ≥ 4.
Let U∞ = U ∩Π∞. Since p∞ is not a singular point of P∞(U), there is a line L∞ ⊆ U∞ through p∞ which contains exactly

three points of P∞(U). Using the fact that P∞(U) is a point set of type (0, 1, 3, q + 1) which spans U∞, it is easy to show
that there must also be a second line L′

∞
6= L∞ through p∞ which contains exactly three points of P∞(U). Let V∞ be an

(n− 3)-space through p∞ such that L′∞ ⊆ V∞, L∞ 6⊆ V∞ and P∞(U) ∩ V∞ spans V∞. Let π
′
= 〈L, L∞〉 and let V = 〈L, V∞〉.

Then π ′ is a plane of Type III, V is an (n − 2)-space of type C (respectively a plane of Type III if n = 4), π ′ ∩ V = L and
p∞ = L ∩Π∞ is not a singular point of P∞(V ).
Let U ′ 6= U be a hyperplane of AG(n, q) parallel to U . Let W = 〈π, V 〉 and V ′ = U ′ ∩ W , and let X = 〈π, π ′〉 and

π ′′ = U ′∩X . Then by the induction hypothesis, there are no planes of Type IV inW or X . By Theorem 2.2,W and X are of type
C. Hence V ′ is of type C (respectively of Type III if n = 4) with P∞(V ′) = P∞(V ), and π ′′ is of Type IIIwith P∞(π ′′) = P∞(π ′).
Now π ′′ ∩ V ′ is a line L′ ∈ L, and p∞ = L′ ∩Π∞ is not a singular point of P∞(V ′). By the induction hypothesis, there are no
planes of Type IV in U ′. By Theorem 2.2, U ′ is of type C.
We prove that P∞(U ′) = P∞(U). Let p′∞ 6= p∞ be a point of P∞(U). Let π1 = 〈L, p

′
∞
〉, X1 = 〈π1, π〉 and π ′1 = X1 ∩ U

′.
Then π1 is of Type III or V. As π is of Type III, Theorem 2.3 implies that X1 is of type C. Hence π ′1 is of the same type as π1,
and p′

∞
∈ P∞(π ′1). Since U

′ is of type C, p′
∞
∈ P∞(U ′). It follows that P∞(U) ⊆ P∞(U ′). Analogously P∞(U ′) ⊆ P∞(U), so

P∞(U ′) = P∞(U).
We conclude that every hyperplane U ′ parallel to U is of type C and has P∞(U ′) = P∞(U). Suppose that there is a plane

π ′ of Type IV. Clearly π ′ is not parallel to U . Let L′ = π ′ ∩ U . Since π ′ is of Type IV,Lπ ′ contains exactly one line L′′ parallel
to L′. Let U ′ be the hyperplane parallel to U which contains L′′. Then p′

∞
= L′′ ∩ Π∞ ∈ P∞(U ′). Hence p′∞ ∈ P∞(U

′′) for
all hyperplanes U ′′ parallel to U . But now Lπ ′ contains every line parallel to L′, a contradiction. So there are no planes of
Type IV. �

Theorem 3.2. A connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that there is a hyperplane
of type C∗ and a plane of Type IV, does not exist.
Proof. Suppose that such a line setL does exist. Let U be a hyperplane of type C∗. By Lemma 3.1, we must only prove that
there is a plane of Type IIIwhich intersects U in a line L ofL, and that L ∩Π∞ is not a singular point of P∞(U).
Let U∞ = U ∩Π∞. Since U is of type C∗, there is a point p∞ ∈ P∞(U) and a line L∞ ⊆ P∞(U) not through p∞ such that

the number of lines through p∞ intersecting L∞ which are completely contained in P∞(U), is not equal to 1 or q+ 1. Since
P∞(U) is a point set of type (0, 1, 3, q + 1), it follows that through every point of L∞ there is at least one line in the plane
〈p∞, L∞〉which contains exactly three points of P∞(U). It follows that no point of L∞ is a singular point of P∞(U).
Let π be a plane of U such that π ∩ Π∞ = L∞, and let p be an affine point of π . Then π is a plane of Type V. Since the

set θp of points at infinity of the lines of L through p spans Π∞, there is a line L ∈ L which intersects U in the point p.
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Consider the 3-space V = 〈π, L〉 and the connected componentL′ ofLV which contains the line L and the affine lines of π .
SinceL′ has a plane of Type V, Theorem 2.3 implies that eitherL′ is singular, orL′ is nonsingular and the line set of a linear
representation. In the last case, there is a plane of Type IIIwhich intersects π (and U) in a lineM ofL. As the pointM ∩Π∞
is on L∞, it is not a singular point of P∞(U).
Suppose that L′ is singular. Then there is a plane π ′ of Type V in V which intersects π (and U) in an affine line L′. Let

p′
∞
= L′ ∩ Π∞. Since p′∞ ∈ L∞, there is a line L

′
∞
through p′

∞
in the plane 〈p∞, L∞〉 which contains exactly three points

of P∞(U). Hence the plane π ′′ = 〈L′, L′∞〉 is a plane of Type III. Let V
′ be the 3-space 〈π ′, π ′′〉, and let L′′ be the connected

component ofLV ′ which contains the lines ofL in the planes π ′ and π ′′. By Theorem 2.3,L′′ is either singular with vertex
a point and base a planar net, orL′′ is nonsingular and the line set of a linear representation. In either case, there is a plane
π0 of Type III in V ′ which intersects U in the line L′ of L. Again, since p′∞ = L

′
∩ Π∞ is on the line L∞, it is not a singular

point of P∞(U). �

Theorem 3.3. A connected line set of AG(n, q), n > 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that there is a 3-space of
type C∗ and a plane of Type IV, does not exist.
Proof. We will prove the theorem by induction on the dimension of the affine space. Hence suppose that such a line setL
does exist in AG(n, q), but does not exist in AG(m, q),m < n.
Let W be a 3-space of type C∗, and let p be an affine point of W , then θp spans Π∞ (see [5]). Let U be a hyperplane

containingW such that the lines ofL in U through p, span U . LetL′ be the connected component ofLU containing the lines
ofLW and the lines ofLU through p. By the induction hypothesis,L′ does not have any planes of Type IV. By Theorem 2.2,
L′ is the line set of a linear representation, and so U is of type C. SinceW is of type C∗ andW ⊆ U,U is a hyperplane of type
C∗. Now by Theorem 3.2, we are done. �

4. The Shult spaces at infinity

A Shult space S (see for instance [2]) is a partial linear space of order (s, t), with the property that for every antiflag {p, L},
the incidence number α(p, L) is either 1 or s + 1. If the case s + 1 does not occur, then S is a generalized quadrangle. The
radical of a Shult space S is the set of points of S which are collinear with all points of S. A Shult space is said to be degenerate
if its radical is not empty.
In order to finish our classification it will become clear that we need a classification of the Shult spaces, fully embedded

in a projective space, in other words of projective Shult spaces. Projective generalized quadrangles were classified by
Buekenhout and Lefèvre [1], while general projective Shult spaces were classified by Lefèvre-Percsy [14]. We summarize
the results in the next theorem.

Theorem 4.1 ([1,14]). Let S be a Shult space fully embedded in PG(n, q). Then one of the following cases occurs.
1. S is the geometry of all points and all lines of PG(n, q). The radical is PG(n, q) itself.
2. The point set of S is the union of k subspaces of dimension m + 1 through a given m-space U, k > 1, 0 ≤ m ≤ n − 2. The
line set is the set of all lines in these (m+ 1)-spaces. The radical of S is U.

3. S is formed by the points and lines of a quadric Q (of projective index at least 1) of PG(n, q), n ≥ 3. The radical of S is the
space of all singular points of Q.

4. q is a square and S is formed by the points and the lines of a Hermitian variety H (of projective index at least 1) of
PG(n, q), n ≥ 3. The radical of S is the space of all singular points of H .

5. The points of S are the points of PG(n, q). There is an m-space U and an (n − m − 1)-space W skew to U, with m ≥
−1, n−m−1 ≥ 3 and odd, and a symplectic polarity β in W, such that the line set is the set of all lines in the (m+2)-spaces
joining U to a line of W which is totally isotropic with respect to β . The radical of S is U.

Theorem 4.2. Let L be a connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that there are
no 3-spaces of type C∗. Then for every point p of S(L), either the set θp of points at infinity of the lines of L through p does not
contain any lines, or the incidence structure of points and lines contained in θp, is a Shult space fully embedded inΠ∞.
Proof. Let p be a point ofS(L), and suppose that θp contains a point p∞ and a line L∞ such that p∞ 6∈ L∞. Letπ∞ = 〈p∞, L∞〉
and let U be the 3-space 〈p, π∞〉. Consider the connected componentL′ ofLU which contains 〈p, p∞〉 and the affine lines of
the plane 〈p, L∞〉. By Theorem 2.3,L′ is either nonsingular and the line set of a linear representation, orL′ is singular with
vertex either a point, or the plane π∞. IfL′ is singular, then either θp ∩ π∞ is the union of two or three concurrent lines of
π∞, or π∞ ⊆ θp. So the number of lines through p∞ which intersect L∞ and are contained in θp, is either 1 or q+ 1. IfL′ is
nonsingular and the line set of a linear representation, then since U is not of type C∗, the same conclusion holds. �

Lemma 4.3. Let L be a connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q). Let p be a point of S(L).
A point p∞ ∈ Π∞ is a singular point of θp if and only if it is a singular point of L.
Proof. Let L = 〈p, p∞〉. Notice that p∞ is a singular point of θp if and only if p∞ ∈ θp and every plane through L is of Type
II or V. If p∞ is a singular point ofL, then it is easily seen that p∞ is a singular point of θp.
Suppose that p∞ is a singular point of θp. We prove that p∞ is a singular point of θr for every point r of S(L), whence p∞

is a singular point of L. By connectedness, we only have to consider the case that r is collinear to p. So assume that r 6= p
and r is collinear to p. If r ∈ L then p∞ ∈ θr and every plane through L is of Type II or V. Hence p∞ is a singular point of θr .
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Suppose that r 6∈ L. Since the line L′ = 〈p, r〉 is a line ofL, the planeπ = 〈L′, p∞〉 is a plane of TypeV. SoM = 〈r, p∞〉 ∈ L,
in other words, p∞ ∈ θr . Suppose that some plane π ′ 6= π containingM is not of Type II. Then by Theorem 2.1, it is of Type
III, IV or V. In any case,Lπ ′ contains a lineM ′ through r , distinct from the lineM . Now α(p,M ′) > 0, so there is a line L′′ 6= L′
of L through p which intersectsM ′ in an affine point. Since p∞ is a singular point of θp, the plane π ′′ = 〈L′′, p∞〉 is a plane
of Type V.
Consider the 3-space U = 〈π, π ′〉. Then π ′′ ⊆ U and the affine lines of the planes π and π ′′ and the lineM ′ are all in the

same connected componentL′ ofLU . AsL′ has two distinct planes of Type V, namely π and π ′′, Theorem 2.3 implies that
L′ is either singular with vertex the point p∞ or the plane π∞ = U ∩ Π∞, or L′ is nonsingular and the line set of a linear
representation. But since p∞ is a singular point of θp, it is also a singular point of θp ∩ π∞. So L′ cannot be a nonsingular
linear representation. HenceL′ is singular and p∞ is a singular point ofL′. So the plane π ′ = 〈M ′, p∞〉 is a plane of Type V.
We conclude that every plane through the line M = 〈r, p∞〉 is a plane of Type II or of Type V. Hence p∞ is a singular point
of θr . �

Lemma 4.4. Let L be a nonsingular connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that
there are no 3-spaces of type C∗. Then for any two points p, p′ of S(L), the projective index g(θp) of θp, that is, the maximal
dimension of a subspace contained in θp, equals the projective index g(θp′) of θp′ .

Proof. We give the proof in the case p and p′ are distinct and collinear. The theorem then follows by connectedness. Let
p∞ = 〈p, p′〉. Then p∞ ∈ θp. If θp does not contain any lines, then U∞ = p∞ is a subspace of dimension g(θp) through p∞,
contained in θp. Suppose that θp contains a line. By Theorem 4.2 and Lemma 4.3, θp is the point set of a nondegenerate Shult
space fully embedded inΠ∞. By Theorem 4.1, there is a subspace U∞ ⊆ Π∞ of dimension g(θp) through p∞, contained in
θp.
Let U = 〈p,U∞〉. Then U is of type E and contains p′, so U∞ ⊆ θp′ . It follows that g(θp′) ≥ g(θp). Analogously, one proves

that g(θp′) ≤ g(θp), and hence we may conclude that g(θp′) ≤ g(θp). �

Theorem 4.5. Let L be a nonsingular connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that
there is a plane of Type IV and a plane of Type V, but no 3-spaces of type C∗. Then for every point p of S(L), θp is a nonsingular
quadric inΠ∞ of projective index at least one. Moreover, if n− 1 is odd, then all quadrics θp are of the same character.

Proof. Since there is a plane of Type V, there is a point r of S(L) such that θr contains a line. Hence by Lemma 4.4, for
every point p of S(L), the set θp contains a line. By Theorem 4.2, for every point p of S(L), the incidence structure of points
and lines contained in θp, which will be denoted by Sp, is a Shult space fully embedded inΠ∞. Theorem 4.1 tells us exactly
what Sp looks like. Notice that, since every line ofΠ∞ which is contained in the point set of Sp, is a line of Sp, Sp cannot be
of symplectic polarity type. By Lemma 4.3 and the remark preceding it, Sp is nondegenerate. So by Theorem 4.1, for every
point p of S(L), either θp is a nonsingular Hermitian variety inΠ∞ of projective index at least 1 (so q is a square), or θp is a
nonsingular quadric inΠ∞ of projective index at least 1.
Suppose that q is a square and there is a point p of S(L) such that θp is a nonsingular Hermitian variety inΠ∞. Then θp is

a point set of type (1,
√
q+ 1, q+ 1). By Theorem 2.1, every line ofΠ∞ intersects θp in 0, 1, 2, 3 or q+ 1 points. So q = 4.

Letπ∞ be a plane ofΠ∞ such thatπ∞∩θp is a nonsingular Hermitian curve, and letW = 〈p, π∞〉. LetL′ be the connected
component of LW containing the lines through p. Let L1∞ and L

2
∞
be distinct lines of π∞ which intersect θp in three points.

Then by Theorem 2.1, π1 = 〈p, L1∞〉 and π2 = 〈p, L
2
∞
〉 are distinct planes of Type IIIwith respect toL′. By Theorem 2.3, and

since the geometryA(O∞) has no planes of Type III, and the geometry I(3, q, e) has only one plane of Type III,W is of type
C and P∞(W ) = θp ∩ π∞ is a nonsingular Hermitian curve.
Suppose that there is an affinem-space V , 3 ≤ m ≤ n− 1, such that p ∈ V , V∞ = V ∩Π∞ intersects θp in a nonsingular

Hermitian variety, and V is of type C. Let U∞ ⊆ Π∞ be an m-space containing V∞, such that U∞ ∩ θp is a nonsingular
Hermitian variety, and let U = 〈p,U∞〉. Let p∞ ∈ P∞(V ) = V∞∩ θp. Then there is a line L∞ ⊆ U∞ such that L∞∩V∞ = p∞
and |L∞ ∩ θp| = 3. The plane π = 〈p, L∞〉 is a plane of Type IIIwhich intersects V in the line L = 〈p, p∞〉 ∈ L. Furthermore
p∞ = L ∩ Π∞ is not a singular point of P∞(V ), as P∞(V ) has no singular points. By Lemma 3.1, the connected component
L′ of LU containing the lines of LV and Lπ has no planes of Type IV. If m < n − 1, then Theorem 2.2 implies that U is of
type C. We recall that U∞ intersects θp is a nonsingular Hermitian variety. Ifm = n− 1, then U = AG(n, q) andL′ = L by
connectedness. So there are no planes of Type IV at all, a contradiction.
Repetition of the above reasoning leads to a contradiction. So there is no point p of S(L) such that θp is a nonsingular

Hermitian variety. It follows that for all points p of S(L), θp is a nonsingular quadric inΠ∞ of projective index at least 1. If
n− 1 is odd, then by Lemma 4.4 all the quadrics θp are of the same character. �

5. Characterization of the line set of HTn

In this section, we complete the characterization of the line set of the geometry HTn. We rely heavily on the following
result, due to Hirschfeld and Thas [13].

Theorem 5.1 ([13]). If K is a nonsingular point set of type
(
1, 12q+ 1, q+ 1

)
in PG(n, q) with n ≥ 4 and q = 2h, h > 2, then

K = Rn. For q = 4 the same conclusion holds if there is no plane intersecting K in a unital or a Baer subplane.
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Lemma 5.2. Consider the geometry HTn in AG(n, q), n ≥ 3, q = 2h, h > 1. A plane of Type IV does not contain any isolated
points of HTn.
Proof. Consider the nonsingular quadricQn+1 in PG(n+ 1, q) and the point r of PG(n+ 1, q) such thatRn is the projection
ofQn+1 from r onto a hyperplane of PG(n+ 1, q) containing AG(n, q) as an affine subgeometry. Let π be a plane of Type IV.
Then the 3-space 〈r, π〉 intersectsQn+1 in a nonsingular hyperbolic quadric Q+(3, q). As every point of Q+(3, q) is on a line
of Q+(3, q), every point of HTn in π is on a line of HTn in π . �

Lemma 5.3. Let L be a nonsingular connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that for
some point p of S(L), θp is a nonsingular quadric. Then for all points r of S(L), θr is a nonsingular quadric. If there is no plane
of Type V, then n = 4 and S(L) = HT−4 .
Proof. Let p be a point of S(L) such that θp is a nonsingular quadric. Clearly S(L) is not a linear representation. By
Theorems 2.2 and 3.3, there is a plane of Type IV but no 3-space of type C∗. If there is a plane of Type V, then we are done by
Theorem 4.5.
Suppose that there is no plane of Type V. Then S(L) is a (0, 2)-geometry fully embedded in AG(n, q) and hence,

S(L) = I(n, q, e), or n = 4 and S(L) = HT−4 . Since θp is a nonsingular quadric, S(L) 6= I(n, q, e). Note that in the
case S(L) = HT−4 , θr is indeed a nonsingular elliptic quadric inΠ∞, for every point r of S(L). �

Theorem 5.4. Let L be a nonsingular connected line set of AG(n, q), n ≥ 4, q = 2h, h > 1, of antiflag type (0, 2, q), such that
for every point p of S(L), θp is a nonsingular quadric in Π∞. If n is odd then S(L) = HTn, if n is even then S(L) = HT+n if
θp = Q+(n− 1, q) and S(L) = HT−n if θp = Q

−(n− 1, q).
Proof. We will prove the theorem by induction. So assume that the theorem holds for all m < n. By Lemmas 4.4 and 5.3,
we may assume that for every point p of S(L), θp is a nonsingular quadric of projective index at least one.
Step 1. Intersection with hyperplanes. Let U be an affine hyperplane, and let U∞ = U ∩Π∞. Let p be a point of S(L) in U , and
letL′ be the connected component ofLU containing the lines through p. Since θp is a nonsingular quadric inΠ∞, θp ∩ U∞
is either a nonsingular quadric or a cone with vertex a point p∞ and base a nonsingular quadric in an (n − 3)-space V∞ of
Π∞ not containing p∞. If θp is a nonsingular quadric, then by Lemma 5.3 and the induction hypothesis, S(L′) = HTn−1.
Suppose that θp ∩U∞ is a cone with vertex a point p∞ and base a nonsingular quadric in an (n− 3)-space V∞ ofΠ∞ not

containing p∞. By Lemma 4.3, p∞ is a singular point of L′. Let V = 〈p, V∞〉 and let L′′ be the connected component of LV
which contains the lines through p. If n = 4 then θp = Q+(3, q). So U∞ is a tangent plane to θp, and V∞ is a line containing
two points of θp. By Theorem 2.1, V is a plane of Type IV. So L′′ is a dual oval and L′ is the singular line set with vertex p∞
and base the dual ovalL′′ in the plane V . If n ≥ 5, then by Lemma 5.3 and the induction hypothesis, S(L′′) ' HTn−2. SoL′

is the singular line set with vertex p∞ and baseL′′.
So every point p of S(L) in U is on a line of a connected componentL′ ofLU , such thatL′ is either the line set of HTn−1

or the singular line set with vertex a point p∞ ∈ U∞ and base a dual oval if n = 4 or the line set of HTn−2 if n ≥ 5. One
verifies that only the following possibilities can occur.
1. LU consists of only one connected component which is of one of the described types.
2. LU consists of two nonsingular connected components L1 and L2. If n is even then L1 and L2 are both line sets of a
geometry HTn−1. If n is odd then S(L1) = HT+n−1 and S(L2) = HT−n−1. In both cases, the point sets of S(L1) and S(L2)
partition the set of all affine points of U .

3. n ≥ 5 andLU consists of two singular connected componentsL1 andL2 with vertex the same point p∞ ∈ U∞ and base
nonsingular line sets L′1 and L′2, respectively. If n is odd then L′1 and L′2 are both line sets of a geometry HTn−2. If n is
even then S(L′1) = HT

+

n−2 and S(L′2) = HT
−

n−2. In both cases, the point sets of S(L1) and S(L2) partition the set of all
affine points of U .

In particular, the set of points of S(L) in U is a point set of type (0, 12q, q). Let P be the point set of S(L). Then for every
affine hyperplane U,P ∩ U is a point set of type (0, 12q, q). HenceR = P ∪Π∞ is a point set of type

(
1, 12q+ 1, q+ 1

)
in

PG(n, q).
Step 2. If R is nonsingular, then S(L) = HTn. Suppose thatR is nonsingular. Then by Theorem 5.1,R = Rn (notice that if
q = 4, no plane intersects it in a Baer subplane or a unital, since every affine plane intersectsΠ∞ in a line). Since the lines
of HTn are precisely the affine lines which are contained inRn,Lmust be a subset of the line set of HTn. Using the fact that
for every point p ∈ P , θp is a nonsingular quadric, it easily follows thatL is the line set of HTn, and assuming n is even, that
S(L) = HT+n if θp = Q

+(n− 1, q) and S(L) = HT−n if θp = Q
−(n− 1, q).

Step 3. If R is singular, thenP is the set of all affine points. Suppose thatR is singular, with singular point p. Let U be an affine
hyperplane containing p. ThenR ∩ U is also a singular point set of type

(
1, 12q+ 1, q+ 1

)
with singular point p. Above, we

have deduced how LU looks like, and hence what the set P ∩ U looks like. We stress that since n ≥ 4, for every point p of
P in U, θp has a nonempty intersection with U∞ = U ∩Π∞. So every point ofP ∩ U is on a line of a connected component
ofLU .
Since R ∩ U must be a singular set, it follows that either every affine point of U is a point of P , or LU consists of one

connected component which is singular. Suppose that we are in the last case. Then clearly p = p∞ is inΠ∞ and is the vertex
ofLU .
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Let r be a point of P ∩ U . SinceLU is singular, θr ∩ U∞ must be a singular quadric with vertex the point p∞. Hence U∞
is the tangent (n− 2)-space to the nonsingular quadric θr at p∞.
Let U ′ be an affine hyperplane containing p∞ and r , such that U ′∞ = U

′
∩ Π∞ 6= U∞. ThenR ∩ U ′ must be a singular

set with singular point p∞. So analogously, either every affine point of U ′ is a point of P , or LU ′ consists of one connected
component which is singular, with singular point p∞. But the latter would again imply that U ′∞ is the tangent (n− 2)-space
to the nonsingular quadric θr at p∞. So U ′∞ = U∞, a contradiction. It follows that for every affine hyperplane U

′ containing
the points p∞ and r such that U ′∞ 6= U∞, every affine point of U

′ is a point ofP . But then every affine point of U is a point of
P , a contradiction. We conclude that for every affine hyperplane U containing the singular point p ofR, every affine point
of U is a point of P . So P is the set of all affine points of AG(n, q).
Step 4. P cannot be the set of all affine points. Suppose that P is the set of all affine points. Let p be a point of P and U∞ an
(n − 2)-space inΠ∞ such that θp ∩ U∞ is a nonsingular quadric, and let U = 〈p,U∞〉. Then the connected component L′
of LU which contains the lines through p is the line set of HTn−1. Hence LU consists of two connected components L′ and
L′′, each of which is the line set of a geometry HTn−1.
Let (p0, . . . , pk) be a path in the point graph of S(L), such that p0 is a point of S(L′), pk is a point of S(L′′), and

p1, . . . , pk−1 6∈ U (such a path exists by connectedness). We show that, if k ≥ 3, then we can find a shorter path with
the same properties. For 0 ≤ i ≤ k− 1, let Li = 〈pi, pi+1〉. Since k ≥ 3, pk−2 6∈ U . Suppose that the line Lk−2 intersects U in
an affine point r . If r is a point of S(L′′), then (p0, . . . , pk−2, r) is the required path. On the other hand if r is a point of S(L′),
then (r, pk−1, pk) is the required path. Suppose that Lk−2 is parallel to U . Since α(pk−2, Lk−1) > 0, there is a lineM 6= Lk−2 of
L through pk−2 which intersects Lk−1 in an affine point p′. If p′ ∈ U , then p′ = Lk−1 ∩ U = pk, and (p0, . . . , pk−2, pk) is the
required path. If p′ ∈ U , then we can apply the argument used above on the path (p0, . . . , pk−2, p′, pk) to find the required
path.
We conclude that there exists a point r 6∈ U which is collinear to a point p′ of S(L′) and a point p′′ of S(L′′). Suppose

that, when n is odd, the point p∞ = 〈p′, p′′〉 ∩Π∞ is not the nucleus of the nonsingular parabolic quadric θp′ . Then there is
a line L∞ of U∞ through p∞ which is secant to θp′ . By Theorem 2.1, the plane π = 〈p′, L∞〉 is a plane of Type IV. The point
p′′ is in the plane π but not on a line ofLπ , since p′′ is a point of S(L′′).
Let V be the 3-space 〈π, r〉, let π∞ = V ∩Π∞ and letL′′′ be the connected component ofLV which contains the lines of

Lπ and the lines 〈p′, r〉, 〈r, p′′〉. Then θp′ ∩π∞ is either a nonsingular conic or the union of two distinct lines. In the first case,
S(L′′′) = HT3 by Lemma 5.3. But the plane π is of Type IV and contains an isolated point p′′, a contradiction to Lemma 5.2.
So θp′ ∩ π∞ is the union of two lines, which implies that L′′′ is singular [5]. As π is of Type IV, L′′′ is the singular line set
with vertex a point r∞ ∈ π∞ and base the dual ovalLπ . But then π does not contain any isolated points, a contradiction.
Suppose that n is odd and p∞ is the nucleus of the nonsingular parabolic quadric θp′ . Let L be a line ofL′ through p′ and

let r ′ 6= p′ be a point of L which is collinear to r . Then we can repeat the argument above with the points r ′, p′′ and r to
obtain again a contradiction. We conclude that P cannot be the set of all affine points. �

6. Conclusion

From the results in [5] where we have treated the case n ≤ 3 and from the results in this paper we may conclude that
we have the complete classification of nonsingular affine line sets of antiflag class [0, α, q], 1 < α < q − 1, up to linear
representations. We recall that the singular case was solved in [5], and that for the cases α = 1 and α = q − 1 highly
irregular examples exist and are easy to construct.

Theorem 6.1. Let L be a nonsingular connected line set of AG(n, q), q > 3, of antiflag class [0, α, q], 1 < α < q− 1. Then one
of the following cases occurs.

1. α = 2, q = 2h and S(L) = HTn.
2. α = 2, q = 2h and S(L) = I(n, q, e).
3. S(L) = T ∗n−1(K∞), withK∞ a nonsingular point set of class [0, 1, α + 1, q+ 1] inΠ∞ which spansΠ∞.
4. α = 2, n = 2, q = 2h andL is a dual oval.
5. α = 2, n = 3, q = 2h and S(L) = A(O∞).
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